Abstract In this work we study the Quasi Normal Modes(QNMs) under massless scalar perturbations and the thermodynamics of linearly charged BTZ black holes in massive gravity in the (Anti)de Sitter((A)dS) space time. It is found that the behavior of QNMs changes with the massive parameter and also with the charge of the black hole. The thermodynamics of such black holes in the (A)dS space time is also analyzed in detail. The behavior of specific heat with temperature for such black holes gives an indication of a phase transition that depends on the massive parameter and also on the charge of the black hole.
Introduction
Einstein's General Theory of Relativity(GTR) helped us to understand the dynamics of the universe. But there are some fundamental issues that could not be addressed in GTR [1] and several attempts are being made to modify the GTR to find solutions to these fundamental issues. GTR is a theory based on massless gravitons with two degrees of freedom. A way of modifying GTR essentially implies giving mass to the graviton and in the present study we consider massive gravity. The attempts to modify GTR resulted in the so called 'Alternative Theories of Gravity' [2] . Theories concerning the breaking up of Lorentz invariance and spin had been explored in depth [3] . The first attempt towards constructing a theory of massive gravity was done by Fierz and Pauli [4] in 1939. Only by 1970s researchers showed interests in this formulation. van Dam and Veltman [5] and Zhakharov [6] in 1970 showed that a theory of massive gravity could never resemble GTR a e-mail: prasiapankunni@cusat.ac.in b e-mail: vck@cusat.ac.in in the massless limit and this is known as vDVZ discontinuity. Later Vainshtein [7] proposed that the linear massive gravity can be recovered to GTR through the 'Vainshtein Mechanism' at small scales by including non-linear terms in the hypothetical massive gravity action. But this model suffers from a pathology called 'Boulware-Deser'(BD) ghost and was ruled out on the basis of solar system tests [8] . Later a class of massive gravity was proposed by de Rham, Gahadadze and Tolley called 'dRGT massive gravity' that evades the BD ghost [9, 10] . In this theory the mass terms were produced by a reference metric. A class of black hole solutions in the dRGT model and their thermodynamic behavior were studied later [11] [12] [13] . Vegh [14] proposed another type of massive gravity theory. This theory was similar to dRGT except that the reference metric was a singular one. Using this theory he showed that graviton behaves like a lattice and showed Drude peak. This theory was found to be ghost-free and stable for arbitrary singular metric.
It was Hawking [15] who first showed that black holes thermally radiate and calculated its temperature. Thereafter the thermodynamics of black holes got wide acceptance and interests among researchers. The question of thermal stability is one of the important aspects of black hole thermodynamics [16, 17] . The thermodynamics and phase transition shown by black holes have been largely explored for almost all space times [18] [19] [20] [21] and references cited therein. In the realm of massive gravity also, the thermodynamics and phase transitions have been studied for different black hole space time [22, 23] .
Recently there has been a growing interest in the asymptotically Anti de Sitter(AdS) spacetimes. The black hole solution proposed by Banados-Teitelboim-Zanelli (BTZ) 2 in (2 + 1) dimensions deal with asymptotically AdS space time and has got well defined charges at infinity, mass, angular momentum and makes a good testing ground especially when one would like to go beyond the asymptotic flatness [24] . Another interesting aspect of the black hole solution is related to the AdS/CFT (Conformal Field Theory) correspondence. In (2 + 1) dimensions, the BTZ black hole solution is a space time of constant negative curvature and it differs from the AdS space time in its global properties [25] . The thermodynamic phase transitions and area spectrum of the BTZ black holes are studied in detail [26] [27] [28] . Also, the charged BTZ black hole solutions are studied for the phase transition in Ref. [29, 30] .
Another important aspect of a black hole is its Quasi Normal Modes (QNMs). QNMs can be found out as a solution to the perturbed field equation corresponding to the scalar, gravitational and electromagnetic perturbations of black hole space time. It comes out as a natural response to these perturbations. The existence of QNMs was first found by Visweshwara [31] and attempts were made to find out QNMs for different space times. QNMs of black holes were first numerically computed by Chandrasekhar and Detweiler [32] . It was Cardoso and Lemos [33] who first calculated the exact QNMs of the BTZ black holes. They have found out both analytical and numerical solutions to the BTZ black hole perturbation for non-rotating BTZ black holes. It is interesting to note that they got exact analytical solutions to the wave equation that made BTZ an important space time where one can prove or disprove the conjectures relating to QNMs, critical phenomena or area quantization.
Electromagnetic field can be a good choice of source for getting deep insights into the 3 dimensional massive gravity. In this paper the QNMs, the associated phase transition and thermodynamics of BTZ black hole in massive gravity in the presence of Maxwell's field has been studied. The paper is organized as follows: In section 2 the QNMs of a linearly charged BTZ black holes in massive gravity are studied for different values of the massive parameter and charge for de Sitter and Anti de Sitter space-times. The behavior of quasi normal frequencies and phase transition are also dealt with. Section 3 deals with the thermodynamics of such black holes. The influence of the massive parameter and charge of the black hole on the various thermodynamic factors are studied. Section 4 concludes the paper.
Quasi normal modes of a linearly charged BTZ black hole in massive gravity
In this section, we first look into the perturbation of black hole space time by a scalar field. For a linearly charged black hole, the Einstein-Maxwell action in (2 + 1) dimension is given by [34] ,
where R is the Ricci scalar, F µν = ∂ µ A ν − ∂ ν A µ is the Faraday tensor, A µ is the gauge potential, and F µν F µν is the Maxwell invariant. The action given above can be generalized to include the massive gravity for the de Sitter space time as [35] ,
where F = F µν F µν , L is an arbitrary Lagrangian of electrodynamics, 1 l 2 = Λ, the cosmological constant in the de Sitter (dS) space time, U i is the effective potential, m is the massive parameter and c i s are constants. Varying (2) with respect to the metric g µν , we can obtain the gravitation field equation as,
where,
and,
To obtain static charged black hole solution we consider the 3 dimensional metric,
To get an exact solution for this metric, the following ansatz is employed [14] , where c is a positive constant. One of the solutions after proper rescaling leads to the metric function in the dS space as [34, 35] ,
where m 0 is related to the mass of the black hole, Q is the charge parameter, α is an arbitrary constant and c 1 is a constant. For an Anti de Sitter space, Λ will take negative values. From the metric function, it can be understood that the contribution of the massive term depends on the sign of c 1 . In this Section, we look into the behavior of QNMs of the linearly charged BTZ black hole with metric function given by (7) . A massless scalar field perturbation in this space time satisfies the Klein-Gordon equation,
which on expanding gives,
The metric function f (r) is given by (7). To separate the angular variables, we make use of the ansatz,
where ω is the frequency, m l is the angular momentum quantum number. Using the above ansatz, the KleinGordon equation can be re-written as,
Quasi normal modes are in going waves at the event horizon and outgoing waves at the cosmological horizon, leading to the boundary condition,
Making a variable change r → 1/ξ, the wave equation becomes,
The wave equation given by (13) has got the singularities at the event horizon and at an outer horizon. In order to solve the wave equation, the singularities have to be scaled out. Here, we first scale out the divergent behavior at the outer horizon and then re-scale to avoid the event horizon. To scale out the divergence at outer horizon, we take [36] ,
is the surface gravity at each horizon. The master equation then will take the form,
This can be viewed as,
with,
We employ the Improved Asymptotic Iteration Method (Improved AIM) explained in Ref. [37] [38] [39] . The coefficients are found out upto (n + 2) th derivative of u. It is assumed that when n is large the ratio of the derivatives,
converges to a constant value, α. This makes the quantization condition given by,
a possible one. It can be seen from (21) that λ 0 contains the quasi normal frequencies. So, the quantization condition given by (23) can be used to determine the quasinormal frequencies of the black hole.
In Table 1 value of Λ at which the phase transition occurs.
In Table 2 transition. We can see that for the value m = 1.0 the phase transition happens at a different value of Λ compared to Q = 0.25 and Q = 0.35 cases. In Table 3 we show the QNMs for an AdS space time for the parameter values Q = 0.1, α = 1, c = 1, c 1 = 1 and m = 1, 1.05, 1.1. From the table, it can be observed that the ω R and ω I continuously decrease and after reaching a particular point (Λ = 0.12), the real part suddenly increases and then continuously decrease whereas the imaginary part continues to decrease. This jump can be treated as an indication of an inflection point. The ω R versus ω I is plotted in Fig. 3 . It can be seen from the figure that there is no drastic change in the slope and Fig. 6 shows the behavior of quasi normal frequencies for the above case. It can be seen that there is a sudden change in slope of the curve after reaching a particular Λ indicating a phase transition. For Q = 0.1 the AdS black hole space time did not show any phase transition behavior but for Q = 0.25 it is found to be showing a phase transition behavior. Hence, it can be inferred that the phase transition behavior depends on the charge Q. Now, it would be interesting to check the variation of QNMs with Q. Table 5 shows the variation of quasi nor- mal frequencies with charge Q for dS space time. It can be seen that the behavior of quasi normal frequency changes frequently. The phase transition behavior is highly dependent on the charge. The phase does not remain the same for a wide range of charge and hence phase transition is found to happen frequently over a range of charges. The variation of QNMs with charge for the AdS case is shown in Table 6 . It can be seen that compared to the dS case, phase transition does not happen frequently, ie., the phases remain the same 
The temperature of the black hole is given by
where P = Λ 8π . Finally, the entropy is evaluated from the expression S = rH 0 1 T ∂m0 ∂r dr which gives, S = 4πr H .
Then the equation of state, P (V, T ) can be obtained from the expression for temperature, (25) , as,
For an (n + 2) dimensional massive gravity, the volume is given by [40] , V = (
. With, n = 1, the calculation gives the horizon radius in terms of its volume as, r H = (
To specify the phase transition it will be useful to introduce the Gibbs free energy as a Legendre transformation of enthalpy as,
where H is the enthalpy, T is the temperature given by (25) and S is the entropy given by (26) . We use the black hole mass m 0 as the enthalpy since H ≡ m 0 rather than the internal energy of the gravitational system [22] . Substituting (24), (25) and (26) in (28), we get an expression for the Gibbs free energy as, Fig. 8 shows the variation of Gibbs free energy with temperature plotted using (25) and (29) . Top of the figure shows the G-T plot for P = More details regarding the phase transition can be extracted form the entropy of the system. The temperatureentropy relation would be worth looking at. For that the expression for r H derived from (26) is substituted into (25) so that we get an expression relating the entropy and temperature as, It can be seen that S remains positive only for a small range of temperature and both of them show phase transition behavior. Now, in order to study the stability of the phases or the feasibility of the above phase transitions, it may be worth looking at the behavior of specific heat with temperature. If the behavior of heat capacity indicates that as the temperature varies the heat capacity makes a transition from negative values to positive values the system undergoes a phase transition. Negative heat capacity represents unstable state while positive value of specific heat implies a stable state. The specific heat is given by,
which from (26) and (30) leads to, The plots of specific heat versus temperature for Λ = 0.1 and Λ = −0.1 is given in Fig. 11 for the parameter values m = c = c 1 = 1 and Q = 0.25 . From the plot it can be clearly understood that for Λ = 0.1, the specific heat changes from negative to positive values indicating a phase transition from unstable to stable configuration. For Λ = −0.1, from the figure we can say that it somewhat shows a phase transition behavior however, it is observed that for given constant parameter values, the black holes in AdS space time show this phase transition behavior only for a very small range of Λ values whereas in dS space time it shows phase transition for a wide range of Λ values. It would also be worth noting that the variation of the behavior of specific heat with Q. For this, we have plotted variation of specific heat with temperature for Q = 0.1, 0.25, 0.5, 0.6 for dS space time; the other parameters remaining the same and is shown in Fig 12. It can be seen that upto Q = 0.5 it shows a phase transition and then after reaching Q = 0.6, it no more shows any phase transition. Also it is found that above this value no phase transition is observed. it is found that above this value no phase transition is observed. From this it can also be concluded that AdS space time shows phase transition only for a small range of Q when compared with the dS space time.
Conclusion
In this paper we have calculated the QNMs for a linearly charged BTZ black hole in massive gravity. The values of the parameters are so chosen that in the metric function, the massive parameter dominates. It is found that in the de Sitter space time as the cosmological constant Λ is increased, the quasi normal frequencies varied continuously and then after reaching a particular value of Λ(= 0.1), their behavior is found to be abruptly changing afterwards. This is shown in the ω I − ω R plot where there is a drastic change in the slope of the curve after a particular value of Λ. This can be seen as a strong indication of a possible phase transition occurring in the system. When the massive parameter m is increased, a similar behavior is found but the Λ at which the change of behavior of QNMs is found to be shifted to a higher value(Λ = 0.28). Also, it can be inferred that the variation of the massive parameter will only alter the point at which the phase transition happens.
For different values of Q the phase transition occurs for different values of Λ.
The QNMs for an (Anti)de Sitter space time is also calculated and the behavior of their quasi normal frequencies are analyzed. For Q = 0.1 the behavior of QNMs showed an inflection point but no phase transition. However for Q = 0.25 it showed a phase transition. Thus it is seen that the phase transition behavior is found dependent on Q for the AdS case. It is also observed by studying the variation of QNMs with Q that AdS space time shows phase transition only for certain limited ranges of Q compared to the dS case.
The thermodynamics of such black holes in the dS space is then looked into. The behavior of specific heat showed phase transition for the dS case for a wide range of Q whereas for AdS space time phase transition is shown only for a limited range of Q.
